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= — { sin<f>d<f>= ( sin^d^. Therefore it is evident \ log am(lx+x)dx 

— I cosa:<£a;=0. 
•' o 

74. Proposed by EDWARD B. BOBBINS, A. B., Mathematical Master in the Lawrenceville School, Law- 
renceville, N. J. 

A circular ring, whose radii are a and 6, is cut by a plane making the area of the 
section (or sections) a maximum. Required the position of the plane, and the nature and 
area of the section (or sections) . 

Solution by 6. B. M. ZEBB, A. M., Ph. D., Professor oi Science, Chester High School. Chester, Pa. 

Let the axis of the surface be taken as the axis of s, then the equation to 
the ring is 

(a; 8 +y 2 +z 2 +a6) 2 =(o + 6) s (x 8 + i/ s ). 

The maximum section will be made by a plane passing through the cen- 
ter of the ring and making an angle ft such that sin/9<[(a— 6)/(o+6)]. 

Let z=xi&np be this plane. 

.-. (a; 8 sec s /?-fy 8 + a6) 2 = (a-r6) 8 (a; a +2/ 2 ). 

The area of this section is (>/sec 2 /6')(a 8 — 6 2 ). 

This is a maximum when sec 8 /? is least, '.'. /?==0. 

.-. (a; 8 +3/ 8 +a6) 8 = (a + 6) 8 (a; 8 +2/ 8 ). 

.-. the plane coincides with the xy plane and divides the ring into two 
equal parts. The section is included between the circles x*-\-y i ^a t and x 8 +j/ 8 
=6 8 , area— w(o 8 — 6 2 ). 



MECHANICS. 

64. Proposed by B. F. FIMKEL, A. M.,M. So., Professor of Mathematics and Physics, Drury College. Spring- 
field, Mo. 

A cylindrical vessel, radius of vessel r and altitude h, is filled with water and rests 
on a horizontal plane. It is required to ascertain the maximum angle of elevation to 
which the plane may be raised without the vessel falling, allowing the coefficient of fric- 
tion to be such as to prevent sliding, and the water to overflow as the plane is raised. 

I. Solution by the PB0P0SEB. 

Let MQ be the inclined plane; ABCD a vertical section of the vessel; 
ABFD a vertical section of the water when the vessel is on the point of turning 
over ; AB—2R, the diameter of the vessel ; AD--H, its altitude ; and the angle 
PMN—0, maximum inclination of the plane. The quantity of water in the ves- 
sel at the time the vessel is on the point of turning over consists of the cylindric- 
al part whose vertical section is ABFE and the cylindrical ungula whose verti- 
cal section is EFD. Let V s be the volume of the cylindrical part, and V x the vol- 
ume of the ungula. Let G 2 be the center of gravity of the cylindrical part, (?, 
the center of gravity of the ungula, and O the common center of gravity of both. 
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The vessel will be on the point of turning over when a vertical line thro' 
G passes through A. Hence, the con- 
dition for the maximum inclination is 
SA 



G S 



=tan0. 



<? a is on the axis of the cylinder and 
midway between K and J. Now KI= 
KL-lL(=DE)=H-2Rtan(t. Hence 
JCG 2 =iF-i?tan6». 

The center of gravity of the ungula 
is found as follows : Let FE be the pos- 
itive z-axis, FC the positive 2-axis, and 
a line perpendicular to these two lines 
at F the (/-axis. Let x, y~ , and J be the 
coordinates of the center of gravity of the 
ungula. Since the plane EFD is a plane 
of symmetry, y =0. 

I I xdxdydz 

o •' o ^ o J 

J-2B rtdBx-x') /rrtan* ItRH&qO. 

J J dxd V d * 




r2B rtVlBx— x') rxtnaS 
-. J„ Jo XdxdydZ 



~ wJ o J o * nd **»=lErJ <* t (U**-* 9 * *. 
= ^^-[(-^(2^- a; s )3 )** +Rf 2B x } /(2Rx-x*)dx~\ 



-^^Jx l /(2Rx-x^)d<);==-^ T J 2B lR t/ / {,2Rx-x i )-{R-x) ] /{2Rx-x^)]dx 



\ ^ {X 2 R \ /{2Rx - x* + J/J'sin-i £-^._K21&-*i)l J^ffl^O ; 



tt.K* 



'-JJtan^G^O. 



r2JJ /'^(aBaj-.T') /»»tan# 
I I zdxdydz 

o »' o ^ o 

/2B /»|'(|Ba!-a!») /TctanS 
I I dxdydz 

• / •'0 

Hence, (?, U=$R-R=iR ; <? s t7=(? 2 7+if7-=iH-7?tan(9+|i?tan^ 



210 

=|(4iJ-3#tantf); and G, G i = 1 /(G 1 U* + G 2 U 2 )^/ [(4i7-3.Rtan0) 2 +4R 2 ]. 

Taking moments about (? , we have (x,(r x F, =(?<,(?,, x V a , the masses 
being proportional to the volumes. ,\ G t G : O Gr 3 = F s : V 1 ,orG i G i : G G 2 
= F 8 +F, : V u or J,/[4if-3i?tan^) 8 + 4ie2]:(? G* s =7rii 2 (-H'-^tan#):n-7?8tan6'. 

.-. G G s =fitan# 1 ,/[( 4 fl'- 3 ^tan(9) 2 + 4i? 2 ]/8(fl r -i?tan#). 
G t V : G.G^-GJi^SK) : (?„«!. whence G (l J^--SK=Rna.xiff/i(H- Riant)). 

._„_ £ 2 tanfl _ fl(4.ff-5.fitaufl) 
•■■*>*—" 4 (j ff-iit,an^ _ 4(i/-i?tantf) - 

G a 17 : .TO.=e.J { JG„ whence JS,= *"ffg ^g° *> . 

rr _ _ _ i?(47/-3 J Rtan^)tan^ , ,..„ rii „ 

^ .R(4ff-3man gjton g+ 8( j H^ fitan gX fl- fltan 0) 
~ S(H-RtimO) 

SA _ „ R(4H- 5igtan#) ^(4ff-3iZtanfl)tanfl+ 8(i ff-ittanrt)(ff- Atari fl) 
G S U ~~ 4(#-iJtan#) ' H(H-RttmH) 

„__ 2fl(4ff^-5fltanft) 

or tan ~- R ( 4H _ 3Rt&n ft )tan y + ^ H _ 8R{mH) ( H _ jRtmti y 

whence 5A 2 tan s 0-8#man 2 0+2(2ff 2 +# 2 )tan0-8.R.H'=--O ) an equation from 
which tan# can be found, and, therefore, ff. 

II. Solution by J. SCHEFFER, A. H„ Hagerstown, Md. 

Let the required maximum angle be denoted by 0. ABCD represents the 
vessel, ABFD the quantity of water, and (? the center of gravity of the portion 
ABFD. Let 8A=x he any portion of the diameter AB. and x and z be the co- 
ordinates of the center of gravity G , in the direction of AB and AC, and V the 
volume of ABFD. Then, since CF<=2rta.nff, and SQ' (Q' does not appear in the 
above figure. It is the intersection of SG and I)F) = h—xt&nO, 

x{h-xt&nb)\/{2rx-x i )dx^~-{4h-hhxi&x\B). 
o o 

F* = J {h- ztan #) T /(2ra - a; 8 )<&= "^(8ft 2 - 8ftrtan + 5r* tan 2 ft). 

The limiting position of equilibrium is that for which the vertical from G 
will meet A, or tan#=a; /z . 
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.•. We obtain the final equation 

5r 2 tan 3 6»-8Ar-tan s #+2(2fe 8 +5r 2 )tan#— 8hr=0. 



III. Solution by G. B. M. ZEEE, A. II., Ph. D., Professor of Science, Chester High School, Chester, Pa. 

First find the center of gravity of the portions of the cylinder between ab 
and dm. Let /c<2m=/S, ab=2r, bc=h. 
Then equation to the cylinder is x s +« s 
—r s ; of line dm, a-sin/?-f j/cos/?=/icos/J 
— rsin/3. 

Let (I, k) be the coordinates of the 
center of gravity. 

The limits of x are —rand + r; of 
y, and [h— (r ±x)ta,n/3]==y'; of z, and 
y'(r* — x i )=z'. 




(|| xdxdydz 
•. I— — — = | xy'z'dx/ J y'z'dx 

%/ — r %/ —r 



/| | dxdydz 



rr rv' f*' 

I I I ydxdydz 

I i | dxdydz 



y' s z'dx/ \ y'z'dx. 



.-. U 



r 3 tan/J 



4h s — 8/irtan/9 + 5r 8 tan s /S 



4(/t— rtan/J) ' S(h— rtan^) 

Now LFH=DGK^CAB--=il. 

r-l 8hr-10r*tMiP 



.-, tanP=DK/GK= 



' 4/i s — 8/wtan/J+ 5r s tan*/9' 



Let tt — tan/?. 



.•. M 



3 -l-« 8 + 



4A 8 + 10r s 84 



5r* 



5r 



Let tt---=v + (8A/15r). 



150r 2 -47i* 32467^ -1800ftr s „ 
.-. v 3 4 ^r-» v + 77^— =0. 



75r 8 



3375r» 
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Let 



150r 8 -4ft* 
75r 8 



=3m, and 



3246ft" -1800/tr 8 
3375r 8 



=2n. 



.-. v"+'imv+2n=0. v=[— n + i/(n*+m 3 )]» + [— w— (/(n'-f-m 3 )]' . 

In the above, the weight of the vessel is disregarded. 

IV. Solution by ALFRED HOME, C. E., D. Sc, Professor of Mathematics, Umyersity oi Mississippi, Uni- 
versity P. 0., Miss. 

Let AC be the inclined plane making an angle f> with the horizontal AB, 
ADEF the water in the vessel, EG parallel to AD, H and K the centers of grav- 
ity of the parts ADEG and EGF respectively. The construction of the rest of 
the figure is evident. 

Denote AF, AG, and AD by h, 2a, and 
2r, respectively. Neglecting the weight of 
the vessel, it will be on the point of overturn- 
ing when ADEGxAN^EFGxAT (1). 

To find the center of gravity of EFG, 
consider EG the positive direction of the x-ax- 
is, ED the negative direction of the 2-axis, and 
a perpendicular to these the y-axis. The sol- 
id question is bounded by the cylindrical sur- 
face y s =2ra;— x % , and the planes z—0, z— 
tan^.a;. Since the zz-plane is one of symme- 
try. y—®< 



V" K 


..E 
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\! 
'i 


\. 


■'£ 


1 ; 


M±Sl. 




S T 


AJV 


£ 



/& Mi /*«i fir fy, fz, 

I I xdxdydz I I I zdxdydz 

O^O^O «J ^ ^ 



/I I dxdydz I ( ' | dxdydz 



where z 1 =t&nfi.x, y,— ]/(2ra— x s ). 

From these, * — Jr=EO, 7=\rim$—OK. 
OP=0^rtan ; S=|rtan. 2 /J ; 
GP=GE- OE- OP=ir- frtan 2 /* ; 
GR—GPcosft—ircosfi— Srcos/Jtan*/? ; 
&4=4©sin;J=2asin/S ; 
^ 3"=&^ — GR— 2asin/J— f rcos/J + f rcos;3tan s /?. 
JI/Z,=fl-£tan/?=atan/? ; 
AM=AL-ML—r-atax\/3 ; 
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A N=A Mcos/S=rcos/J— asin/?. 
Volume of ADEG==2nar i . 

Volume of EGF=2 1 I I dxdydz=7trnanp. 

[This result comes easily without the calculus]. 

Substituting in equation (1), transposing, dividing through by cos/?, rear- 
ranging, and clearing of fractions, 

5r 8 tan 8 /?+ 16artau s /? + 2(8a 8 -3r 8 )tan/J- 16ar=0. 

Substituting in this, hh— rta.n/3 for a, and reducing, 

5rna.n*fi-8rhta.n*/3+2(5r*+2h*)t&n0—8rh=Q, 

from which /9 may be found. 



AVERAGE AND PROBABILITY. 

62. Proposed by 0. S. KIBLEB, Superintendent of Schools, Middleburg, 0. 

A bag contains any number of balls, which are equally likely to be white or black ; 
one is drawn and found to be white. Show that the chance of drawing another white one, 
the first ball not being replaced, is two- thirds. [From C. Smith's Treatise, on Algebra, page 
615]. 

Solution by G. B. M. ZEEE, A. M., Pb. D., Professor of Science, Chester High School, Chester, Pa. 

If m balls are drawn and turn out white, the chance that n others drawn 
will be white is : p=[(m + l)/(wt+n + l)]. In the problem, wi=n=l. 

.". p=i. Otherwise, p= J x i dx/\ xd,x=l. 

J J 

This is the simplest case of the article on page 107, No. 4, Vol. II. of the 
Monthly. 

64. Proposed by REV. V. A. WHITWOBTH, A. M. 

is a given point within a triangle ; P is a random point within the same. The line 
through O and Pis produced so as to divide the triangle into a trapezium and a triangle. 
Find the average area of this triangle. [From the Educational Times, London, Eng.] 

Solution by G. B. M. ZEES, A. H., Pb. D„ Professor of Science, Chester High School, Chester, Pa. 

Let A be the average area required, A , the average area of BFG ; (m, n) 
coordinates of 0. Then the coordinates of E are (6, bn/m) ; of D, [6*«/(a6— am 
-\-bn), abn/(ab—am + bn)']. 

Area ABC=iab8\nC. 

Area ACO=ibns\nC. 

Area AD0—bn(am—bn)smC/[2(ab—am + bn)]. 

Area C0E=bn(b—m)smC/(2m). 

Area DOEB=ABC-(ACO + ADO+COE). 



